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1. Setting the issue

Consider the following equation:
Uyy Uy, (x,y)e Q,,
0=Lu= _ )
Upe Uy, (X,)) €Q; (j =1,3),
here €2, as a field x>0, y>0 when y=0, x=1, y=1, x=0 located in straight lines
AB, BB, ByA,, AyA, arectangular area bounded by sections, Q, fieldx <0, y >0daA44,D
is located inside the characteristic triangle AK:x=y, (y) smooth curve and equation (1).
BP: y—x =1 arealimited by characteristic, 2, field in x>0, y >0 ABBE is located inside the
characteristic triangle AC': x =—y, () smooth curve and equation (1). BM : x+ y =2 area limited
by characteristic, 2, field in x <0, y <0 (1) of the equation AC: y+x=0va BC: y—x=-1

limited by the characteristic A A4 D characteristic triangular area,

Let us introduce the following definitions: Jl = {(x,y) : 0<x<], y= 0} R

Jzz{(x,y): x=O,O<y<1},J3={(x,y): x=1 O<y<1},
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11 11 31
Q:QOququUQ3uJ1uJ2uJ3,C(—§,§j, D[—E,Ej, E[E’Ej’
X, X o A(x)+x A(x)—x
9(2’ 2}’ l:@ ( 2 72

there &, (x)|:6’2* (x)] (1) of Eq (x,0)eJ, with point-to-point characteristics AC[ AN] the

coordinates of the intersection point of the characteristics.

A-Condition. y=—y, (x)va Y (¥)(J=2,3)- let the given functions fulfill the following

conditions:

D) 7, (x)va Y, (¥)(J =2,3) functions respectively AACBand A A4 D, A BEB, should be
completely inside the characteristic triangles;
2) y(x)e C? (0,1), Y, () €C?(0,1)(j =2,3) be relevant;

3ttty f (¢ )( Jj= 1,_3)- monotonically growing;

4) 7,(0)=0, ,(0)=-1, 11+7/1(Zl):1, 12—72(12)=2,Z3+7/3(Z3)=1, 1, = const

Description. (1) as a regular solution of Eq QQ ,
W, ={uu(x,y)e C(Q)NCEy (@) NC*(Q,),i=1,3]
belonging to the class and €, (i = @)in the field (1) satisfying Eq u(x, ) the solution is told.

I — Matter. Find a regular solution of equation (1) satisfying the following conditions:

Lt =ty |0(x)+ p1(x) 1, —11, |67 (x) = () @
ulyp=8 W) Upp=8(y) 3
[ug+uy |, =p(»): @
(ue—uy ] =a(»): )
u(A)=u(B)=0; ©)

There w(x), @(x), g(), p(»¥)va q(»)- are sufficiently smooth functions given.

Theorem.If 1£(x) = —1; u(x),p(x)eC’ [O,l:'(i =1,_3),g(y), p(»y), q(y)e C? (0;1)

and A the conditions are met, I-is the only regular of the problem
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there will be a solution.

Proof. Ql The appearance of the solution of the Cauchy problem in fields is as follows.

Xty

u(x,y):%{fl (x+y)+7 (x—y)+xiyv1 (t)dt}, 0<x<l

M

X X JAx)+x A(x)—x
From this 6 (5;—§)and 0 ( ( 2) ; ( 2) ] we get the following functional relations

at the points:
(1+ p(x))v, (x):[1+,u(x)]z'l'(x)—(o(x), O<x<l1 (7)

From (1) QO in the field y — 40 passing to the limit, we get the following equation.

(7 (x)) = (%) ®

Substituting (7) into (8). We can form a second-order ordinary differential equation with respect to
7y (x)-

(71 (%)"=71 (x) = —13)26) ©)

(9) equation 7, (O) =0and 7, (1) =( the shape of the general appearance of the picture under

the conditions.

(p(t)[l—ex‘t] 11 go(t)[el‘t —1} u
1+ p(1) e—1p 1+ u(1)
using (8), we find v, (x)

(10)

(1)

1-¢
X t ex_t x 1 ¢ te _1 X
()= oe e O o)
o 1+ u(¢) e—1lp 1+ u(t) 1+ p(x)
We prove the existence of a solution to the problem by the method of integral equations.
For this, we use the functional relations (8) - (9) and the solution of the first boundary value problem for

the equation (1) in domain QO

1
u(x,y)=[7,(1)G(x,y; t,O)dt+f2'2 (1)G;(x,;0,z)dz—
0 0
(12)
—f@(z)Gt(O,y;l,z)dz,
0

it will be visible.
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(x—t+2n) (x+t+2n)
w | - _
S e 079 4=2) | - Green's function of the first

1

boundary value problem for the heat transfer equation.

There G(x,y;t,z): —e

T, (¥)s v, () (k=2,3) to get the relation between the functions, differentiate once: We make

1 ¥
u,(x,y)= (f)rl (1)Gy (X, y;1,0)dt + (j) 7,(2) Gy (%, 3;0,2)dz -
(13)

y
-[75(2) G, (x,y;1,2)dz,
0

2 2

(x—t+2n)
§ 4(y-z)

1
27 (y—z)n=o

G, (%, y:1,2) =N, (x,¥;t,2), G (X, ;t,2) =—N, (X, y;t,z) We will have relationships.

(x+t+2n)
4y—z)

The following N (x, y;t,z) = +e if we define,

According to definition, 2 (0, y) =V, ( y) we get the following relations from (13):

1

'

V, (y):(j)r3 (z)N(x,y;l,z)dt—ir{ (t)N(x,y;t,O)a’Hir'2 (z)N(0,y;0,z)dz

(14)
1 v, Yy,
vi(»)=[r3(2) N(Ly;L,z)dz—[ 7, (2) N (L, y;1,0)dz + [ 7, (2) N (1,3;0,z)dz
0 0 0
It is known, The general solution of equation u,  — u,, = 0 is in the form
u(x,y)=f(x+y)+f,(x—y) (15)

in this fl (), f2 () - second-order continuous differentiation is an unknown function.

From condition (4) and (15), we getf1' (y—]/2 (y))zp(y), 0<y</,fromEq y—y, (y)=t
solve looking for y = o (¢)

1

A (l‘):%p(él(z))’ 0 < y <[, From this

172
110 £(0)+3 ] p(8())dr, 0y 5t
From condition (3.8) and from (15). we will have lfz' (y—yz (y)) =q(y), 0<y</, from Eq

solve y—y, (y)=t looking for y =4, (1)

fzv(t):%Q(é‘] (t)), 0 < y <[, From this
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Jé(y)=f2(0)+%iq(5(z))dr, 0<y<l

Now in [<y<l M|A0D =g/ (y) and given u|,,.=g,(y) conditions
0

To (15) we put the value of f(y)and £, () and get the following.
fz(x—y)+%fp(5(t))dt+fl(O),OSySl,

fr(x— ;v)+g1( J+f2( ), I<y<l1.

u(x,y): (16)
f1(X+Y)+§f(1(5(t))dt+f2(0),03ysl,

frerrrgs (32 - h) syl

u, (0, y) =7, (¥), i=2,3, If we differentiate the equality (16) once with respect to y, we say

1

x—0
L), 0syst
nL(y)=1 L (yel (17)
Andat X —>1

n(y)=1 . j z (18)

Putting (16) into (17) and (18). f;(y) i=2,3 for the function z,(y)i=2,3 and

Vv, (¥) i=2,3 we get the following functional relation between the functions:
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T'z(y)= +p(5(»), 0<y<lx<0
' 1 (19)
T, (y)=v (y)+g1(y7) [<y<1.x<0
Té(J’):V3(J’)+Q(5(1—y)),03y£l,x>1
~ 1- (20)
73(3’):‘/3()’)"‘%2( 2 ] [<y<], x>1

From (19) and (20). v, () and If we put v, () in (14)

) 1, v, v,
rz(y)—(j)r3(z)N(x,y;l,z)dH(j)rl(t)N(x,y;t,O)dt—(j)rz(z)N(O,y;O,z)dz:Fz(y)

T; (y)—(})r'3 (Z)N(l,y;l,z)dzjtij;rl' (z)N(1,y;t,0)dz —ir'z (z)N(Ly;0,z)dz =F,(y)

(21)
There

[E—

We get the system (21) in the form

() [T (2)N (0.5:0.2)dz = F; (7).

(22)
r;(y)+ir;(z)1v(1,y;1,z)dz=F;(y).
Where
F;(y)ze(y)+;j:T3( )N (x, ;1 Z)dZ—;[rl'(t)N(x,y,t 0)d N
F3*(y):F3(y)+ifz( )N (L,y;0 Z)dz—l.r{(z)N(l,y,t 0)d
_ n?
2 S|, bl

(14) system |N(O,y,0,z)| < < const

Sl
1/7z|y—yl|n:1

‘Fz*( y)‘ < const because we solve equation 1 from the system (23) by the method of successive

approximation and get

7, (y)=F; (y)+iF2 (1)K (t,y)dt (24)
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v, ‘.
o, (y)=F (y)+ 52'3 (z2)N(x,y;1,2)dz - J-rl (¢)N(x,,t,0)dr +
0
(25)

t

[ RO 9 cm 0

And finally, we put (25) into equation 2 of (21) and 7, ( y), we form the Volterra integral equation of

the second type:

y

[ y ' Y , z '
73(y)—jr3(Z)N(l,y;l,z)dz+jrl(z)N(l,y;t,O)dz—jN(l,y;O,z)dz—jQ(z)N(x,y;l,z)+
0 0

0

v i
+(j)r( z)N(x,y;1,z)dz - (j)_[rl N(x,,p.0)dpK (1,y)dp+F;(y)=F, (»)
(26)
There

ETy)= J.Fz (z)N(Ly,0,z)dz+ j.Fz (s)K(s,y)ds+ ]V-N(l,y,O,z):’V.I’T2 (p)K(p,y)dp

(27)
(26) tenglamani yechib 75 ( y), bundan va (25) dan 2'1( y)va (26), (27)dan Vl( y)va 1 ( y)ni

topamiz. 7; ( y) Vi ( y) (i = 1,_3) lar ma’lum funksiyalar. Endi QO sohada I masalaning we can restore
the solution, 51(1 = 1,_3)in fields, the solution is found through the Dalamber’s formula, which is the

solution of the Cauchy problem. So, I-problem is solved one-valued.

The theorem is proved.
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