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Yadrosida Bessel Funksiyasi Qatnashgan Riman-Liuvill
Operatorini O‘Z Ichiga Oluvchi Bir Oddiy Differensial Tenglama
Uchun Koshi Masalasi

Rasulova Gulnozaxon Adhamjon gizi *

Annotatsiya: Mazkur yadrosida Bessel funksiyasi gatnashgan Riman-Liuvil operatorni o‘z
ichiga oluvchi bir oddiy differensial tenglama uchun Koshi masalasi yechimining mavjudligi va
yagonalini isbotlangan.

Kalit so‘zlar: Riman-Liuvill integro-differensial operatori, Koshi masalasi, ketma-ket
yaginlashishlar usuli.

Kirish. So‘nggi vaqtlarda tadgiqotchilar tomonidan kasr tartibli integral va differensial operatorlar va
ular ishtirok etgan tenglamalarni o‘rganishga bo‘lgan qiziqish ortdi. Buni bir tomondan matematika
fanining ichki ehtiyoji sifatida izohlansa, ikkinchi tomondan fan va texnikaning turli muammolarini
matematik modellashtirishda shunday operatorlar ishtirok etgan tenglamalar hosil bo‘lishi bilan

izohlash mumkin [l] : [2] ,[3] . Bu yo‘nalishdagi tadgiqotlar turli yo‘nalishlarda rivojlanib bormogqda.
Dastlabki tadgigotlarda asosan Riman-Liuvill va Kaputo ma’nosidagi kasr tartibli integro-differensial
operatorlar qaralgan bo‘lsa, [4] — [8], So‘nggi vaqtlarda ularning turli umumnlashmalarini
o‘rganishga bo‘lgan qiziqish ortdi [9],[10],[11]. Ushbu magolada biz yadrosida Bessel funksiyasi
gatnashgan umumlashgan Riman-Liuvill operatorini o‘z ichiga oluvchi oddiy differensial tenglama
uchun Koshi masalasini bayon gilib, uning yechimi formulasini oshkor ko‘rinishda ifodalaymiz.

2. Masalaning qo‘yilishi. Ushbu tenglamani garaylik:

Do y(X) + 2y(x) = f(x), xe(0,T), 1)
bu yerda Y(X)-noma’lum funksiya, f(X)-berilgan funksiya, «,y,A,T lar esa berilgan hagigiy
sonlar bo‘lib, 3<a <4 , T>0; D7 esa differensial operator bo‘lib, ushbu munosabat bilan
aniglanadi [11]:

a, d2 2 —-a
D5 y(X) = [WHZJ o7y (), (2)
15y (X )——I(X )3 syl (x = )]y (e, (3)
j‘, (z) -Bessel-Kliford funksiyasi bo‘lib, quyidagi tenglik bilan aniglanadi:
(D" (z/2)*
J.(2) =T (v +1) z/2) "J.(2)= , (4)
( g k(v +1),

(2), -Poxgammer belgisi, I'(X)-Eylerning gamma funksiyasi [12], J, (X)-birinchi tur Bessel
funksiyasi [13].
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D(‘)ZX'V y(X) va |0ﬂx’y Y(X) operatorlar [11] ishda kiritilgan va ularning xossalari o‘rganilgan bo‘lib, ular
mos holda Riman-Liuvill ma’nosidagi kasr tartibli differensial va integral operatorlarining
umumlashmasidir.

1. Tenglama uchun quyidagi masalani o‘rganamiz:
Koshi masalasi. (1) tenglamani va quyidagi

4 [ d? a
lim5.“7y(x) = A, IXILQ(WWZJIS‘X 7y(x) = A,

. d d(d’ ©)
lim— 1oy =A,  lim dx[d—w jlé‘x’”y(X)=A4

boshlang‘ich shartlarni qanoatlantiruvchi Y(X) funksiya topilsin, bu yerda A, A,, A,, A, -berilgan
haqgiqiy sonlar[11].
Quyidagi teorema o‘rinli:

1-teorema. Agar f(x)=x"f(x), f,(xX)eC[0,T],0<p<a—1, bo'lsa {(l)(S)} Koshi
masalasining yechimi mavjud va u quyidagi
Y(X)= AXE,  aoepa —AXGIX]HAXTE, e A X ]+
+AXE [-Ax*;yx]+ AXE [-AX“; yX] +

aala3/2

+:[(X_ Z)a_lEa,a,(a—l)/Z |:—ﬂ,(X— Z)a ;7/(X_ Z):| f (Z)dZ (6)

formula bilan aniglanadi [14], bu yerda

E, o[xy]=2

a,a,(a-1)/2

n

Ta )r(1+ 7 oo (V) (7)

a>0,5>0 (7)tenglik bilan anlqlangan gatorlar uchun —oo < X, y < 0o bo‘lganda absolyut va tekis

yaqinlashuvchi bo‘ladi [15].
Bundan tashqari (7) funksiya uchun quyidagi tengliklar

1

=601 (0B [0)= 1 30 B[00 =

va quyidagi hosilani hisoblash formulalari o‘rinli:

d
g Bt [—2X x| ==AXE, | =AX7X] = VXE 0 [ =AX“57X ], (8)
(;jx {xﬁ E, pipan —AX ,7x]} X 2E, o —AX X ] B 2L, )

Endi teoremaning isbotiga o‘tamiz. Shu magsadda dastlab (1) tenglamaga |I;,”y(X)
operatorni ta’sir ettiramiz, so‘ngra ushbu

(12D £ )(x) = 1 (x)_r(la)iw; +12j x

m—k
x:—(x-a)" J _1/2[2 (x— a] % 3—+/12j | 2miZead £

t=a
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+(1_ a)(X B a)a—2 3(0[,3)/2 |:/1(X — a)]l:((;j—xzz + lzjm |:_T+2—a,ﬂ, f (t):|

tenglikni e’tiborga olib [11], quyidagiga ega bo‘lamiz:

I, Do y(X) = y(X) — :)3(a_1)/2(;/x)llm§x£§—+ ]I“” (xX) —

X d? 4—a,y _L d_2 i " ay ~
_r(a_l)J(a 3)/2(2/X)I|m(d7+;/ J' y(X) M )[ +y jX J(a 1)/2(}/X)|Im Lo, 7Y (X)
1

d’ 2 27 s 14
— + 77 X I @y (rx)iml “7y(x).
r(a_l)[dxz y (P)lim1%7y(x)
( 5) shartlarni e’tiborga olsak, oxirgi tenglik quyidagi ko‘rinishni oladi:
y(x)+ A1 y(x) =157 F(x)+

1 d2 2 d2 ) =
+A1F(a—l) dX2+7 J(a 3)/2(}/X)+A2— — 72 X T w2 (rX) +

t=a

[(e)\ d
Xa—Z _ Xa—l _
+A, Cla 1) J@-a2(yX) + A, M@ J@vr(yx).  (10)

2 _ 2 _
Dastlab [% + }/zjxa-z J(@-3y2(yX) va [% + yz}xa‘l\l (@-12(yX) ifodalarni

soddalashtiraylik. 3“7*3 (}/X) Bessel-kliford funksiyasini uning (4) ifodasi bilan almashtirsak va
kerakli hosilalarni hisoblasak, quyidagi natijaga ega bo‘lamiz:
d? j 7 d2 & (1) (r/2)" ¥ & (=) (y12)" X
— 47" X" J@-3y2(yX) = + =
[olx2 ! ) W(a-172) 2 K((a-1)72),
i “(712)" (2k + = 2)(2k + @ = 3) x*** N Zi (<) (y 1 2)" xPre?
v
Ki((e=1)12), = k((a-1)12)
Ma’lumki, ushbu tengliklar o‘rinli:

[(a+n)=(a) (a), (a), zzzn@n [a_”j @)

2

(11) ning o‘ng tomonidagi yig‘indining birinchi hadi uchun (12) formulani ketma-ket qo‘llasak,
quyidagi tenglik hosil bo‘ladi:

(1)

d’ -
(_2 + J/ZJX“J (a-3y2(yX) =

dx
_i “1)(y/2) (2k+a—2)(2k+a—3)F((a—3)/2)((a—3)/2)x2k“"4 i ) (7 12)"" x?er?
= kI((2k +a —-3)/2)T((e—3)/2+k) S K((a-1)72),
Bundan esa ba’zi hisoblashlardan so‘ng, ushbu

1 d’ 2 27 Xt =
+ 77 X J(a- X)=A———J(a X
Air(a_l)(dxz 7) (a-312(7X) A“F(a—3) (@-5y2(7X)

natijaga ega bo‘lamiz.
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2 p—
[%+y2}xa‘l\](a_1)/z(7/x) funksiya uchun ifodani ham yuqoridagi kabi aniglash mumkin.

Topilgan natijalarni (10) tenglikka qo‘yib, quyidagi Volterraning ikkinchi tur integral tenglamasiga
ega bo‘lamiz:

y(X)+ A5 y(X) = I”‘yf(x)+Al

a—4 06—3

( 3) 055/2(}/X)+Az

a-2 a—l

X
+A3F( _1) a3/2(7/X)+A4 ( )

(13) integral tenglamani yechish uchun ketma-ket yaginlashishlar usulidan foydalanamiz [14].
Nolinchi yaginlashishni ushbu

Yo(¥) =167 T O) + A

( 2) J(a-3y2(yX) +

Jaw2(yx).  (13)

a—4 _ a-3

X J—
—J —Ju
Ma-3)" 5)/2(7X)+A2F(a_2) (a-ay2(yX) +

a-2 _ a1l

X
J(a-3y2(yX) + A, @ J(@ay2(yX)

X
+ F—
Ao
tenglik bilan, golgan yaginlashishlarni esa
Y (X) = yO(X) _ﬂ’lii(’yym—l(x)! me N
munosabat bilan aniglaymiz.
127157 p(X) = 157127 p(X) = 1277 p(X) formuladan foydalanib, y_(X) ni quyidagi ko‘rinishini
yozib olamiz [14]:
Y (X) = Yo (X) = 2157 Yo () + 27157 Yo (X) = A5 7y (%) + oo (=) " 157 Y (X)- (14)
(14) tenglikka Y, (X) ning ifodasini qo‘yib, M —> o da limitga o‘tsak,

V) = S () 1A T sy (0} =23 (<) 1T ()}

I'a-3)& INa-2)=
Lw _ a”}’ a-2 A4 N . any a-175
oz O el e (A I a0k

+D°(=A) 157 £(x) (15)
n=0

tenglik kelib chigadi.
(15) tenglikni soddalashtirish magsadida

1500 I as2 (P01 160 X I a2 ()3 150X I -2 (10},
157X T (a2 (7X)} va 12777 £ (X) integrallarni garaymiz.
Lo "X 4J (a-sy2(¥X)} uchun (3) ga ko‘ra, ushbu tenglik o‘rinli:

X T ooy (7 X)} =

F(an)‘([zaJ (x— z)an—lj(an_l)/z [y(x— Z)]j(a_5),2 (yz)dz. (16)

(16) dagi J., (X) funksiyalarni ularning ( 4) ifodasi bilan almashtirsak, quyidagiga ega bo‘lamiz:

(A (/27 (2" () (1 2)" 2"

~ ( an +1)/2) peard k!((a—3)/2)k

J(anayely (X = 2)]3 (a-syey(2)]
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Bu yerdan yaqinlashuvchi qatorlarni ko‘paytirishning Koshi qoidasini qo‘llab, quyidagi natijaga
kelamiz:

i - /2) ( )2k (_ ) ( /2)2m 2k( )2m—2k ~
an—1/2[7/(x Z)]J (a-52[7(2)] _Z:;Z::; ( an +1)/2) (m- k)!((a 3)/2)m—k )

2m— 2k(X_Z)

=21 (r/2) gk!(m_k)!((;n+1)/2)k((a—3)/2)m_k

Olingan natijani (16) tenglikka qo y1b integral va yig‘indining tartibini o‘zgartirsak,

vl
|an TIx*” 4J (a— 5/2(7)()} Z ((Om)Z)

> 1 h 2m+a—-2k—4 _ an+2k-1
xkz_;‘k!(m—k)!((an+1)/2)k((a_1)/2)m_k!Z (x—2) dz. (17)

Ichki integralda integrallash o‘zgaruvchisini { = XS formula bo‘yicha almashtirish bajarib, ba’zi
hisoblashlardan so‘ng, quyidagi natijaga ega bo‘lamiz:

[22me ot (x = 2) ™ dz =x et (2m - 2k + ¢~ T (an + 2K) / T (an +2m + o = 3).

Hosil bo‘lgan natijani (17) ga qo‘yib va (12) formulalarni ketma-ket qo‘llasak, ushbu tenglik hosil
bo‘ladi:

507X (a-sy2 (7X)} =

=r(0‘—3)2(_) (»/2) an 3) sz

r (an),, (a-
F(an+2m+a—3) ka.(m k)'((an+1/2) (-1)72)
)

0
o 7//2)2m22m an+2m+a— 4Zm:( n/?2 k((a 2)/2) .
m [(an+2m+a-3) S ki(m—k)!

m an+2m+a-4

= ki(m—k)! m!

ma’lum formulani e’tiborga olsak, oxirgi tenglik ushbu ko‘rinishni oladi:

s gy )" ((an+a-2)12),
Lo "X Jas(yx)}= [ (a- 1)20( r)n!l“(a(rf+2m+a—)3))

i(5)k(y)m—k (5+7)m (18)

Bu yerdan I'(an+2m+a —3) uchun (12) formulalarni qo‘llab, oxirgi ifodani ushbu ko‘rinishga
keltiramiz:

F(O{ _ 3) i (_1)m (}// 2)2m Xan+2m+a—4
F(an +a —3) — m!((an +a —3)/ 2)m '
Oxirgidan (4) tenglikka asosan ushbu

Xan+a—41—w(a _ 3) _
J ((anta- 19
T(anta—3) > lm=s? (%) (19)

150X I -sy2 (%)} =

Lo 7 {X*" 4J (@52 (yX)}=

natijaga ega bo‘lamiz.
Yuqoridagiga o‘xshash amallar bajarib, ushbu
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Xan+a—3l—w(a . 2) .

1 &7 {x% 3 (o = J (ansa- 20
a2 ()} =7 (an+a—2) Lo (7%) (20)
Xan+a—21—w(a _1) _
1507 LX 2 (o = J (ansa- 21
B a2 (1)} = — (an+a—1) >l (%) (21)
Xocn+a—1l—~(a) _
127 4% (o = A Janran 22
{x 2(7X)} T(an+a) ((an+a-1)2) (¥ X) (22)

tengliklar o‘rinli ekanligini ko‘rsatish mumkin.

(19),(20) ,(21) va (22) larni (14) tenglikka qo‘yib va (3) operatorning yoyilmasini e’tiborga olib, (6)
formulaga ega bo‘lamiz.

4. Asosiy yechim

Endi (6) formula bilan aniglangan y(x) funksiyani (1) tenglamani va (5) shartni ganoatlantirishini
ko‘rsatamiz. Shu magsadda uni ushbu

V(%)= Yo (¥) + Y2 (%) + Y3 (X) + Ya (%) + Y5 (x)
ko‘rinishida yozib olamiz, bu yerda
Y1 (X) = Aixa%Ea,a—s,(a—s)/z [_ﬂxa ; 7/X]' Y (X) - AzxaisEa,a—z,(a—a)/z [_ﬂxa ; 7X]’
y3 (X) = A3Xa_2Ea,a—1,(a—3)/2 [_/’an ; }/X], y4 (X) = A4Xa_lEa,a,(a—l)/2 [_A’Xa ; j/X]’

X

Ve (x) = [(x=2) "€, e[ ~20x=2)" i1 (x=2) ] (2)e

0

(2) formulani e’tiborga olib, dastlab |4 “r yl(x) ni hisoblaymiz:

X

lox ™" ¥4 (X) =ﬁ£(x— z) “ Jaan)| y(x—2) ]y (2)dz =

A:L T & _a-47 a.
- F(4—a)'!(x_z)3 z 4‘J((aﬂz)/z) [7(X_Z):|Ea,a73,((a75)/2) [_lz ,}/Z}dz -

= A&Z ) J‘ 3 @ janta- 4J (3-a)/2 I:Q/(X— Z):Ij((an+a—5)/2))(]/2)d2.
o

an +a— 3
Quyldagl belgllashnl klrltayllk.

H (a,n,]/;x) =

1 X
- F(an+a—3)F(4—a);[(X
U holda oxirgi tenglik quyidagicha yoziladi:

1570 () = AX (<) H (@) e

Endi H (e, N, 7;X)funksiyani soddalashtiraylik. Shu magsadda J, (X) ko‘rinishini uning (4) ifodasi
bilan almashtirib, qatorlarni ko‘paytirishning Koshi qoidasini qo‘llab, quyidagini hosil qilamiz:

3(370!),2 [7( X— Z):| j(an+a—5)/2 (]/Z) =

_ Z)s_a Za”+“_4j(3-a)/2 [7 (X - Z)]j(anw—f’)/2 (7 Z)dz - (23)
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ZZk (X _ Z)Zm—Zk

(-0)"(»/ z)zmkz(;kl(m—k)'(@—a)/ 2)  ((an+a-3)/2)

NgE

o

Ox 1_ ini e’tiborga olib, (24) dan quyidagini hosil qilamiz
H(a.n,y; X)

—~ (7//2 i H, (a,n,mk;x)
['(an+a-3)I(4—a)izk!(m )((5 a)/2) k((an+a—3)/2)k'

Ms

bu yrda

H, (e, n,m,k; x) Iz"‘”*"‘”k f(x— z)3+2m_2k_a dz.
0

Ko‘rsatish qiyin emaski, H1 (0! .n,m,Kk; X) funksiya uchun ushbu tenglik o‘rinli:
wim L(2M =2k +4— )T (an+a + 2k —3)
I'(an+2m+1) '

Bu natijani (25) ga qo‘yib, I'(an+a + 2k —3) va I'(2m—2k + 4 — ) lar uchun (11) formulani
ketma-ket go‘llasak , quyidagi natijaga ega bo‘lamiz:
H(a,n,7;x)=
_ N (_1)m (7/ 2)2m X i (4_a)2m—2k (an+a—3)2k _

= T(an+2m+1) Sk(m-k)Y((en+a-3)/2) ((5-a)/2) ,

o (<1)" ymxEmen o ((4-a)/2)  ((en+a-2)/2)

Z an+2m+1)kz(;‘ ki(m—k)!

Adgar (18) tenglikni hisobga olsak, H (a, n, v, X) funksiya quyidagi ko‘rinishni oladi:

2 (—1)m o ((om +a)l 2)k x2meen

H(a,n,y;x):z

rd m!T (an+2m+1)

H,(a,n,mk;x)=x

. (25)

H ((Z, n,y, X) funksiyaning (25) ifodasini (24) qo‘yib, ushbu
- (—1)m ak ((an +a)l 2) x2mren
|4—a,}/ — m
o " ¥(X) A‘;% m!T (an+2m+1)

tenglikni hosil gilamiz.
F(om +2m+ 1) uchun (12) formulalarni ketma-ket qo‘llab, va (7) ni ’tiborga olgan holda, ushbu

157 Y, (X) = AE 1y | —AX“37X] (26)
natijaga ega bo‘lamiz. .
Yugoridagi kabi ushbu
157 (X) = AXE,, 5[ —AX“ 57X, 27)
Lox ™" Y3 (X) = AXE,, 511, [—ﬂx“;yx], (28)
I(;l;a,;/ Y, (X) = A4X3Ea,4,3/2 [_ixa ; }/X], (29)
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|4—a,7

Il
O ey
—_~
>
|

*E,aam [—ﬂ,(x—z)a;y(x—z)}f(z)dz, (30)

tengliklarning o‘rinli ekanligi ham ko‘rsatish mumkin. .

(27), (28), (29), (30), (31) tengliklarni e’tiborga olib, Ig;“’yy(x) funksiya uchun ushbu ifodani hosil
gilamiz:

Ig;a’yy(x) = AiEa,l,—1/2 [_}“Xa ; 7X] + AZXEa,2,1/2 [_Axa ; 7X] + As,XZEa,a,l/z [_ﬂxa ; 7/X] +

X

+AXE, 30 [—ﬂ,xa;]/X:I-f- J.(x— 2) Ey4ar0 [—;t(x— z)" ;y(x—z)} f (z)dz. (31)

2

2
Doy y(X) =[%+72j lo;“”y(X) ekanligini va (8), (9) hamda E, ,,[0;0]=

1
tengliklarni
r(p)

¢’tiborga olib, ushbu

> LY
(a” ] 15"y (x)=
2

2 2 42
Ai(%ﬂﬂ} al, 1,2[ —Ax“ ,}/X]+ Az[ +y ] a,z,l/z[—ixa;j/X]+
2

2
d2 o d2 a
N ) P e IOV E ) P e

g | [0 B[22 ) 1 ()

0

tenglikni  hosil gilamiz. Oxirgi tenglikka (8) va (9) formulalarni ketma-ket qo‘llab,

2
((;j -ty an’L_M [—lx"‘ ; 7/X] ni quyidagi ko‘rinishda yozishimiz mumkin:

2
(:7+7 an,l,m [—AX x| = =A%, e | —AX X,

2

Endi (7) va (4) tengliklarga asosan (§7+7/2]Xa2Ea,a—1,(a—3)/2 [-Ax*;yx] funksiyani quyidagi

ko‘rinishda yozib olamiz:
® (_Z/)” o (_1)”‘ (7/ / 2)2”‘ y2man+a=2

d? o2 L a. d
(d >t j Ea,a—l,(a—3)/2|: AX ,;/X] (d 27 Jzor(amra—l); m!((om+0¢—1)/2)m

Oxirgi tenglikning o‘ng tarafini hadma-had ko‘paytirib, kerakli hosilani hisoblaymiz va

((05 nN+a —1) / Z)m ifoda uchun (12) formulani qo‘llasab, tenglamani quyidagi ko‘rinishga

keltiramiz:

i-i- 2 Xa72E [_ﬂxa. X:I_ a4z i ( 1 /2)2m 2m
o T a.a-1(a-3)/2 Zio =T (an+a-3) m:om'((an+“ 3)/2).

U holda, (7) tenglikka asosan, ushbu
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d2 i —a a— a
[d S+ J lox ™ V1 (X) ==AAX"E,, 40 spo [—ﬂx ;7/X], (32)

natija kelib chigadi.

2
d2

Yuqgoridagi kabi hisoblashlar bilan (—d > +7/2j ng_a’yy(x) tenglikning boshga hadlarini ham
X

soddalashtirish mumkin. Shunday qilib, (31) va (32) tengliklardan shunday natijaga kelamiz:
2
a d ? 2 4—a a— a
Dox'}/y(x) = (W T IOx '}/y(X) = —AAX 4E0{,a73,(a75)/2 I:_/%X ;7X:|_
_ﬂ’AZXa_sEa,a—Z,(af?))/Z I:_/lxa;y/x]_/l%xa_zEaa l a 3/2[ ﬂ’x ]/X] ﬂ'A‘lXa 1E a,a, a 1/2[ ﬂ'x 7/X]+

_ﬂ:[(x—z)“_l E o1z [—A(x— )"y (x— z)} f (z)dz. (33)

Topilgan (33) hamda (6) tengliklarni tagqoslab, (6) formula bilan aniglangan y(x) funksiya (1)

tenglamani ganoatlantiradi degan xulosaga kelamiz.
Endi (5) shartni qanoatlantirishini ko‘rsatamiz.

(31) tenglikni qaraylik, f(x)=x"f,(X) bo‘lganligi sababli, darhol Iing Lo “7Y(X) = A kelib
X—>

chigadi.

d 4-a,y d2 2 4 —-a,y -p f f o :

&on y(X) va W—i_}/ lox“”y(x) ifodalardan , f(x)=x""f (X) bo‘lganligi sababli mos

2

holda Iir‘rgdi I3 “7y(x) = A, va Iir‘rg[%+7/2jl4 “7y(x) = A, ekanligi kelib chigadi.
x—0 X X— X

(31) tenglikdan, (8) va (9) formulalarga binoan, quyidagi yakuniy natijaga ega bo‘lamiz:
2
d ? 2 A—a _
(W T I0>< yy(x) = —AAX 4Ea',0573,(0575)/2 [_ﬂ“x ;7X:|_
_ﬂ’AZXa_sEa,o#Z,(afS)/Z I:—ﬂ,Xa;j/X]—/lABXa_ZEaa 1,(a- 3/2[ —AX” ]/X] X’Allx _1Eaa (- 1/2[ —AX* 7/X]+

B oesye| A(x=2)" 57 (x=2) | (2) .

-1

—xljx‘(x—z)a
Demak, Ea,ﬁﬂ[O;O] :F_l(ﬂ), 3<a<4va f(x)=x"f/(x) ekanligidan,

2
lim— d d—+7/ I5-“7y(x) = A, ekanligi kelib chigadi.
x—0 X d

Teorema isbotlandi.
Foydalanilgan adabiyotlar.
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